In this paper we study properties of the nonlinear equations of the form u = f (t, x, u, Du), where is the d'Alembert operator and Du = (∂ t u, ∇u) is the vector derivatives of u to derive the equivalent form of the wave map equation [1] .
Introduction
A wave map is a function u : R × R m → M , where M is a Riemann's manifold that satisfies the wave equation with covariant derivatives. It is natural to think that wave maps are a description of the free movement of a surface in n dimensions in a non-Euclidean space; thus, the movement of a rope limited to being in a sphere is a good example of a wave map. This type of equation is used to describe geometric movement, although it is not understood as well as other geometric flows as Ricci flows.
The big problem is non-linearity, which is not obvious in equation u = f (t, x, u, Du), which we will show with an example. It is important to emphasize that between the wave equations and the other flows, the equation of the wave map is reversible in time and not dissipative; that is, we can conclude that a surface never gains or loses energy [2] .
Preliminaries
We have to introduce some concepts about geometry and some notations. First, we denote DV = (D α V ) 0≤α≤m as the covariant derivatives of V ∈ u −1 T M , where M is a k−dimensional Riemann's manifold and T is the tangent space of M . The space-time derivatives of a function u :
In this paper, we use the summation convention, i.e., we can write the wave equation as
where we can say that ∂ t = −∂ t and ∂ x = ∂ x . In this paper we will consider that M is a compact operator [3] .
Descriptions of wave maps
We can say that wave maps can be derived by isometrically embedding of the form M → R m . Thus, thanks to Nash's theorem, we can say M is isometrically embedded in an euclidean space R n . Now, at a point
n is a wave map. i.e., if at every point w = (t, x) we obtain
Here, u(w) = ( u 1 (w), . . . , u n (w)). We can understand this if we fix a point w 0 ∈ R × R n and let for example v k+1 , . . . , v n an orthonormal frame for T ⊥ q M depending (smoothly) on q ∈ M , this for q near u(w 0 ). Therefore, we can find scalar functions of the form λ l : R × P → R, such that
near w 0 and for k < l < n. Now, since ∂ α u, v l = 0, we have
where A l is the second fundamental form of M with respect to v l . Then, using this concept to derive the wave map equation, we obtain the form
with A = A l v l is the second fundamental for of M . Now, we have said that wave maps are prototypes of geometric wave equations, which satisfy the wave equation with partial derivatives replaced by covariant derivatives [4] . Therefore, in local coordinates we have:
where u 0 and u 1 are given values. The equations (2) are another description of the wave maps.
Application and result
In this case we want to obtain the wave map equation [5] . In fact, at any point q ∈ M the outer unit normal is given by v(q) = q. Then, if u is a wave map, there exists a scalar function λ : R × R n → R such that u = λu.
In this case, let's use the relation u, u = 1. So we have that
and therefore Eq.(1) is equal to
Finally, we can see that this wave map equation is nonlinear, thanks to Eq.(3)
Conclusion
In this paper we have introduced two types of description of the wave maps and we have deduced with an example that this wave map equation is non-linear by using the operator of d'Alembert. Similarly, thanks to Nash's theorem (embedding) we have proven that the descriptions are completely equivalent.
